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2A&���( <�� %� Yl,l "��� %5 *���� �6 � 7

Yl,l(θ, φ) = Al sinl(θ)eilφ. $1)

�����!�P�C�  ���'� 
�5  '! "��� �� E���? %� "��� 8�� %5 ���5 ���Q E��R �! Al A��@ 2�3�

2A&���( J!�	 %� L− ��>;? %5 *���� �6 2D

L− = −e−iφ(
∂

∂θ
− cot θ

∂

∂φ
) $2)

2��5 �6 �@� �+ Yl.m  '! ��( N���� %� '

L−Yl,m =
√

(l +m)(l −m+ 1)Yl,m−1. $3)
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2��S �6 !� ��( J!�	 %� T�� %I��! %5 ��+� E�
� ' Yl.m(θ, φ) = Fl,m(cos θ)eimφ 2��+� !��G(
d

dθ
+m cot θ

)
Fl,m =

√
(l +m)(l −m+ 1)Fl,m−1. $4)

2��S �6 !� ��( J!�	 %� T�� %3���6 %5 ��+� E�
� ' x = cos θ ��+� !��G O�U(
−

√
1 − x2

d

dx
+

mx√
1 − x2

)
Fl,m(x) =

√
(l +m)(l −m+ 1)Fl,m−1(x). $5)
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VR W�X !� %5 �>�����B�� ��>;? %5 ���5 D�L���  !�X �! αm ' Fl,m(x) = (1 − x2)αmGl,m(x) 2��+� !��G <�����B��

����H� m ��6�!�Q <6�� ���� ��5 �6 �@� Gl,m  '!

2A&� ��( J!�	 %� Gl,m "��� %5 ��+� E�
� 2[

Gl,m(x) = (−1)l−m

√
(l +m)!

(l −m)!(2l)!
[(1 − x2)

d

dx
]l−mGl,l(x), $6)
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��B�&� �� 2�
����5 %����6 #*+� ,!� #%6��&!� 96 ' 95 0��'! �� �!

�! ψ = 1√
(2π�)3

eik·r J!�	 %� AL� [�6 �� ������� �]� !� �! J = �

2im (ψ∗∇ψ − ψ∇ψ∗) ���� E���1 ��>;? � ^
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J!�	 %� �! ES ' ���5 �����(��  '�5 J�K�L6 
���&� !� �! �>HG 8��;� !� E���1 ��>;? � _

Ĵ = Jr r̂ + Jθ θ̂ + Jφφ̂ $7)

J!�	 %�  '�5 [�6 �� O�U ���!'���!�

ψk,l,m(r, θ, φ) = A
eikr

kr
Yl,m(θ, φ) $8)

%5 ���6 8�� %� #���� !�P�C� [�6 "��� 8�� %5 ���5 ���Q E��R �! AA��@ A�L� ������� �]� !�∫
ψ∗

k′,l,mψk,l,mr
2drdΩ = δ(k − k′). $9)

�]� (� �! ��Z `���� ' 
��5 D��U �! 〈ψk,l,m|Jφ|ψk,l,m〉 ' 〈ψk,l,m|Jθ|ψk,l,m〉 #〈ψk,l,m|Jr|ψk,l,m〉 ������6 �K�? %& \9&
����5 ���B� ������
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��� E�
� %6��&!� !� � /
2����+ ��(S 
!a  ���

jl(x) = xl

(
− 1
x

d

dx

)l sinx
x

jl(x) = xl

(
− 1
x

d

dx

)l − cosx
x

. $10)

2���5 �6 !���! ��( J!�	 %� (r −→ 0) Ǳ��H6 ������ !�  '�5 <�� "���� %5 ��+� E�
� 2�3�

jl(kr) ≈ (kr)l

(2l + 1)!!
$11)

'

nl(kr) ≈ (2l − 1)!!
(kr)l+1

. $12)

���!'S ��� %� Ǳ��H6 ������ !� �! cos(x) ' sin(x) "���� 0�� %5 A&� ���5 2���;�+�!)

2��!�� �! ��( �H��P6 !���! r −→ ∞c!��  �+ r !� "���� 8�� %5 ��+� E�
� 2D

jl(kr) ≈ sin(kr − lπ/2)
kr

nl(kr) ≈ cos(kr − lπ/2)
kr

. $13)

2��� �6 <	�U ��( %>;1 #*���F �6 ��
6 x %� AH�� sin x
x <=6 ��!�H? (� %5 ��G' 2���;�+�!)

cosx
x

− sinx
x2

, $14)

$�AL�! !'� �! ES E��� �6 
!��;+ ' A&� �R�5 O'� %>;1 �� %����6 !� d'� %>;1 #c!��  �+ x  ��� '

%5 *����� *+�(�'� ,!� !� �*��5 ���Q �!  '�5 [��6� N�U �� AL� [�6 "���� 0�� N���e *�+��Z �6 8��;� 8��!� � .
2��� �6 
��� 0��  '�5 [��6� N�U �� ��( J!�	 %� AL� [�6 ��

eikz =
∞∑
l=0

Cljl(kr)Yl,0(θ, φ). $15)
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2��� �6 %���� ��( J!�	 %� %I��! 8�� 8������� �z = r cos θ %5 *���� �6  '�5 J�K�L6 
���&� !�

eikr cos θ =
∞∑

l=0

Cljl(kr)Yl,0(θ, φ). $16)

N�U�� "��� �� 0�� %I��! 8�� %P���!� �*������]�!� A��@ ��6�!�Q �� J!�	 %� W�X '� !� �! r *����� �6 %I��! 8��!�
 %I��! ���� �+ ����6!�+ 8�� �6��� M�� (� 
��B�&� �� �A&�  '�5  �+ ����6!�+∫
Y ∗

l′,m′(θ, φ)Yl,m(θ, φ)d cos θdφ = δl,l′δm,m′ , $17)

2��� �6 8���� ��( %I��! (� Cl N���e %5 ��+� E�
�

Cljl(kr) =
∫
d cos θdφeikr cos θYl,0(θ, φ). $18)

*����� �6 A&�
��f�Q �+ Yl,0YJ!�H? E�R �6� ����S �6 A&�� Cl  �+ A��@ #*��5 %H&��6 *������ �! A&�! W�X O������ �F�
�A&� A��@ �� Al ES !� %5 #*��5 
��B�&� Yl,0 = AlL

l−Yl,l %5 %I��! 8�� (�

%5 ��+� E�
� ' ���5 %H&��6 �! Al A��@ N��e A�L� 2�3�

Al =
1√
(2l)!

. $19)

2*�+� �6 !��G 8�������

I ≡
∫
d cos θeikr cos θYl,0(θ, φ) =

1√
(2l)!

∫
d cos θeikr cos θLl

−Yl,l(θ, φ)

=
1√
(2l)!

∫
d cos θ(Ll

+e
ikr cos θ)Yl,l(θ, φ). $20)

���5 %H&��6 eikr cos θ  '! �! L+
l �@� E��� �6 �F���� �6�

2%5 ��+� E�
� 2 D

L+
leikr cos θ = (−1)leilφ(sin θ)l(ikr)leikr cos θ. $21)
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2��+� E�
� ' A&� Yl,l E�;+ eilφ sinl θ A��@ N��e ��  �C�6 %5 8�� (� 2[

Cljl(kr) = (ikr)l 2ll!√
(2l)!

√
4π

(2l + 1)!

∫
dΩ|Yl,l(θ, φ)|2eikr cos θ. $22)
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����� 
��& O������ %H&��6

2��+� E�
� !�5 8�� d�P�� �� 2�

Cl = il
√

4π(2l+ 1). $23)

2���
��5 A��@ �! ��( %I��! 8��;� 8��!� 8�������

eikz =
∞∑
l=0

il
√

4π(2l + 1)jl(kr)Yl,0(θ, φ). $24)
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